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¶sÂ 53¶�Ø¸Ç*¶�ÄpØ�ËvÈX53¶¸Ç%ÏÐÇ%Ï+Fm¶�¹ Ã\Ç%ÏÁË
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µjúYËv¹4Ã\ÀÐÀg`%Ë\�'û4Ã\½'Ä ��Ãvû*¶�ÄñËv½ñÇ%Ù�Ã\Ç4ÏÐ½¬ú�Ëv¹%È¤Ã\Ç%ÏÁËv½�Î)Ã\Ç	Ç%ÏÐÈ-¶�Ì³¶¸¹*Ë-Ä1¶¸Ç*¶¸¹%È�ÏÐ½'¶�ûßÃDÀÐÏÁû%Ç4Ë\ú"Ç%Ù'¶�`@Ë\�'û�<1Ô�Ù1ÏÁû�ÀÐÏÁû%Ç	ÏÁû�Ç%Ù'¶¸½

û Ø*Ù'¶�Ä¬¼1ÀÁ¶�Äñ½'Ëv½¬¯H51¹*¶�¶¸ÈX51Ç%Ï+Fm¶¸À+UY<
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ÀÐÏÁû%Ç	Ë\úÕÃ\½WÃ\¹Q�1ÏÐÇ%¹ Ã\¹QU Ëv½1ÀÐÏÐ½'¶
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FMÏÐ½ ¶¸ÏÐ½1·m¶sú�º1Ù1¹%ÇO¼1½'Ä �)¶�û*Ç*¶¸Ù`Ç�Ã\¼'ûdÄ1¶¸½ ¹ Ã\½'Ä1ËvÈ�ÏÁû%ÏÁ¶¸¹%Ç*¶¸½ �(¹*Ë\�1ÀÁ¶¸È-¶¸½�Î¬Ä¬ÏÁ¶
ÏÐÈ ÉMØ*Ù1½1ÏÐÇ%Ç�¶��-Ì�ÏÁ¶¸½}Ç5À�7TûQ��Ã\¹�û%ÏÐ½'Ä�<nÓ(ÏÐ½b¹ Ã\½'Ä1ËvÈ�ÏÁû%ÏÁ¶¸¹%Ç*¶�û��(¹*Ë\�1ÀÁ¶¸È ÏÁû%Ç�Ä'Ã4�)¶¸ÏO¶¸ÏÐ½ �"ÃTÃ\¹

(A,µ)
�)¶�û*Ç*¶¸Ù'¶¸½'Ä|Ã\¼'û

¶¸ÏÐ½'¶¸¹ßÉI51¹ ÃvØ*Ù'¶
A ⊆ Σ+ ¼1½'Ä ¶¸ÏÐ½'¶¸¹4Ó(ÏÐ½1·`Ã4�)¶
Fm¶¸¹%Ç*¶¸ÏÐÀÐ¼1½1·

µ
Ã\¼¬ú

Σ+ <
 "!$#�%'&�()&+*,%.-0/2143,576 Ó(ÏÐ½ñ¹ Ã\½'Ä1ËvÈ�ÏÁû*ÏÁ¶¸¹%Ç*¶�ûS�(¹*Ë\�1ÀÁ¶¸È

(A,µ)
ÏÁû%Ç�ÏÐ½p¿ FM·Y��úYÃ\ÀÐÀÁû�¶¸ÏÐ½'¶�@ßÔ;(

M
¼1½'Ä ½�Ã\Ç%º1¹%ÀÐÏÁØ Ù'¶

×3Ã\Ù1ÀÁ¶¸½
k

Ã\½'Ä
c
¶sÂMÏÁû%Ç%ÏÁ¶¸¹*¶¸½�Î�û*Ë�Ä'Ãvû*û

L(M) = A
¼1½'Ä ∑

|x|≥1

(tM (x))1/k

|x| · µ(x) ≤ c .

@fÏÁ¶L:ßÀ Ãvû*û*¶5Ö ��Òöúêº1¹ Ü¬ÝsøMïâéK�sä�éYã�á¬çvó �vô�çvèDé�íTóZä�éêè-Ý Ú 	�¼1¹*Ä1¶�±³ªTªT®[FmËv½9R ÈX5�Ã\·TÀÐÏ Ã\Ì�Ì³Ë ¶¸ÏÐ½1·m¶súêº1Ù1¹%Ç³Î)¶¸¹*û*Ø*Ù1ÏÁ¶¸½:Ã4�3¶¸¹³Î
ÏÐ½-¶¸Ç 	QÃvûQ¶¸ÏÐ½1·m¶�û*Ø*Ù1¹98\½1ÑMÇ*¶¸¹ ��Ëv¹%ÈñÎv¼1½`Ç*¶¸¹OÄ1¶¸È/üßÃ\È-¶¸½-¿S5�51¹*Ë�Â�� �3¶¸¹*¶¸ÏÐÇ*û	±³ªTªT²ßÏÐ½-¶¸ÏÐ½'¶¸È/¿4¹%Ç%ÏÐÑm¶¸À-FmËv½�ÉMØ*Ù�Ã451ÏÐ¹*¶ <
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(A,µ)
ÏÁû%Ç	ÏÐ½pÖ �	ÎMú^Ã\ÀÐÀÁû�¶¸ÏÐ½'¶ 53ËvÀ+UM½'ËvÈ�ÏÁ¶¸ÀÐÀ�Ì³¶¸ÏÐÇQ�)¶�û Ø*Ù1¹98\½1ÑMÇ*¶

@ßÔ;(
M

¶sÂ¬ÏÁû%Ç%ÏÁ¶¸¹%Ç³Î'û Ë�Ä'Ãvû*û�ú�º1¹�Ã\ÀÐÀÁ¶
m ∈ N

úêº1¹�Ã\ÀÐÀÁ¶5Ó(ÏÐ½1·`Ã4�)¶¸½ Ä1¶¸¹ �'Ëv¹%È 〈x, 1m〉 Î x ∈ Σ+ Î

Probµ[M(〈x, 1m〉) 6= χA(x)] <
1

m
.

ÓÕÏÐ½'¶�û*ËvÀÁØ Ù'¶�@ßÔ;( 	�ÏÐ¹*Ä FmËv½ R ÈX5�Ã\·TÀÐÏ Ã\Ì�Ì³Ë�Ã\¼'Ø*Ù Ã\ÀÁû � ó¡òmçvïséêäêÜ`è¤Ýsô-�¸ãsÜ¬Ý¸è�í �3¶¸Ì³¶¸ÏÁØ*Ù1½'¶¸Ç�<`ÓÕÏÐ½�¿4ÀÐ·mËv¹%ÏÐÇ%Ù1È-¶¸½'û*Ø*Ù'¶s¯
È¤ÃñÌ³¶¸ÏÁØ*Ù1½'¶¸ÇDû%ÏÁØ*Ù Ä'ÃvÄ¬¼1¹*Ø*ÙVÃ\¼'û³Î�Ä'Ãvû*û�Ä1¶¸¹5¿�½}Ç*¶¸ÏÐÀOÄ1¶¸¹5ú�¶¸Ù1ÀÁ¶¸¹%Ù�Ã°ú�Ç*¶¸½ µ�¶¸¹*¶�Ø*Ù1½}¼1½1·m¶¸½ �)¶¸ÀÐÏÁ¶
�1ÏÐ·E	O¶¸ÏÐÇ5·m¶�Ä¬¹%º'Ø Ñ}Ç
	Q¶¸¹*Ä1¶¸½bÑTÃ\½1½�Î�Ã\ÀÐÀÁ¶¸¹*Ä¬ÏÐ½1·mû�Ã\¼¬ú :4ËTû%Ç*¶¸½bÄ1¶¸¹��jÃ\¼¬ú�Ì³¶¸ÏÐÇ�<ZÉMØ*Ù1¹98\½1ÑMÇ�È¤Ã\½bÖ �zÃ\¼¬ú 5¬¯H�3¶¸¹*¶�Ø*Ù'¶¸½I��Ã\¹*¶?>Õ¶¸¹%Ç*¶¸ÏÐÀÐ¼1½1·m¶¸½
¶¸ÏÐ½�Î�û*Ë�¶¸¹%Ù@8\ÀÐÇ	È¤Ã\½pÄ¬ÏÁ¶�:ßÀ Ãvû û*¶
¿�5�51¹*Ë³Â �S<
@
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Ä1¶Nh'½1ÏÁ¶¸¹%Ç³Î)Ä¬º1¹@úY¶¸½pû%Ç Ã\Ç%Ç�¶¸ÏÐ½'¶¸¹�ú�¶¸Ù1ÀÁ¶¸¹%Ù�Ã°ú�Ç*¶¸½W¿4¼'û%·`Ã4�3¶¸½k`@¶�Ä1ËMØ*Ùp½`¼1¹	F

? G Ã\¼'û*·m¶¸·m¶
�)¶¸½ <�@4ÏÁ¶�&|Ã\Ù1¹*û*Ø*Ù'¶¸ÏÐ½1ÀÐÏÁØ Ù1Ñm¶¸ÏÐÇ
ú�º1¹O¶¸ÏÐ½'¶4û*ËvÀÁØ*Ù'¶4¿�¼'û*·`Ã4�)¶�ÏÁû%Çd¶
�3¶¸½¬úYÃ\ÀÐÀÁûOÄ¬¼1¹*Ø*Ù

m−1 �)¶�û*Ø Ù1¹98\½1Ñ}Ç³ÎI	OË\�3¶¸Ï
m

ÔZ¶¸ÏÐÀ)Ä1¶¸¹QÓ(ÏÐ½1·`Ã4�3¶	ÏÁû%Ç�<IRSÈX5�Ã\·TÀÐÏ Ã\Ì�Ì³Ë
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¹%ÏÐÇ%Ù1È-¶¸½'û Ø*Ù'¶¸È¤Ã �)¶�û%ÏÐÇ%Ì�Ç�<
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µ
Ú853¶¸¹S@fÏ Ã\·mËv½�Ã\ÀÐÏÁû%ÏÁ¶¸¹%¼1½1·ñ¶¸ÏÐ½'¶DÉI51¹ ÃvØ*Ù'¶

A
Î'û*Ë�Ä'Ãvû*û

(A,µ) ∈ Ö �	Î'Ã4�)¶¸¹�½1ÏÁØ*Ù`Ç4ÏÐ½ñ¿AFM·Y� <�&©ÏÐ¹;�3¶
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¹%ÏÐÇ%Ù1È-¶¸½'û Ø*Ù'¶¸È¤Ã\Ç Ã û%ÏÐ½'Ä�<
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± < �'Ëv¹4Ã\½IU
ε > 0

Î¬Ç%Ù'¶¸¹*¶
ÏÁû�½'Ë
(4/3 − ε)k

Ñm¶¸¹%½'¶¸Ànú�Ëv¹*) +-,�.�,0/
k 13204 /65 487:9$;$204 /V<

� <S�QËv½�Fm¶¸¹*û ¶¸À+UmÎ1úYËv¹�Ã\½�U
ε > 0

Î1Ç%Ù'¶¸¹*¶
ÏÁû�½'Ë
(2 − ε)kd

Ñm¶¸¹%½'¶¸À�ú�Ëv¹*)<+6,�.�,�/
kd 1#= .?> 4 ) 4 .?> 4 .�5A@ 4 5 <
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Ç%¹*¶�¶s¯^ÀÐÏÐÑm¶ <
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�QË�Fm¶¸¹4Ëv½WÃvØ
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Ódû;	�ÏÐ¹*Ä ¶¸ÏÐ½'¶
ûQU¬û%Ç*¶¸È¤Ã\Ç%ÏÁû*Ø*Ù'¶5þ�½}Ç*¶¸¹*û%¼'Ø*Ù}¼1½1·�Ä1¶�û;�(¹*Ë\�1ÀÁ¶¸È-û�� ;�
�� 4 + 4 5 = ; .�� B � Ã\¼¬úV(rÃ\Ç%¹%ÏÐÌ³¶¸½ FmËv¹%·m¶�û%Ç*¶¸ÀÐÀÐÇ³«
 
¶¸·m¶
�)¶¸½ ¶¸ÏÐ½'¶�ÒFh1Â¬¶ÍÚ F Fm¶¸¹Q�)ËvÇ*¶¸½'¶
ÔZ¶¸ÏÐÀÐÈ¤Ã\Ç%¹%Ï Â G B Î¬¼1½'Ä ¶¸ÏÐ½'¶,(rÃ\Ç%¹%Ï Â

A
Ã\ÀÁû�Ó(ÏÐ½1·`Ã4�3¶-Ò�Ä¬ÏÁ¶ßÓ(ÏÐ½`Ç%¹98\·m¶ FmËv½ û*Ë�	OËvÙ1À

A
Ã\ÀÁû�Ã\¼'Ø*Ù

B
¶¸½}Ç*û%Ç Ã\È�È-¶¸½�¶¸ÏÐ½'¶¸È ¿�À+51Ù�Ã4�3¶¸Ç"¶¸½'Ä¬ÀÐÏÁØ Ù'¶¸¹  f¹67v»m¶ÍÚsÎ4	O¶¸ÀÁØ*Ù'¶�û�ÏÁû*ÇZÄ¬ÏÁ¶OÈ�ÏÐ½1ÏÐÈ¤Ã\ÀÁ¶Q¿4½1ÌÍÃ\Ù1ÀOFmËv½�×)¶¸ÏÐÀÁ¶¸½

ÏÐ½
A

Î�Ä¬ÏÁ¶�·m¶¸À�7Tû*Ø Ù`Ç,	O¶¸¹*Ä1¶¸½ È5¼1»'Î)Ä'Ã\È�ÏÐÇ
A

Ñm¶¸ÏÐ½'¶�Ôj¶¸ÏÐÀÐÈ¤Ã\Ç%¹%Ï Â9�)¶�û%ÏÐÇ%Ì�Ç³Î�Ä¬ÏÁ¶ 8�'}¼1Ï+FvÃ\ÀÁ¶¸½}Ç4Ì�¼ ¶¸ÏÐ½'¶¸¹ß×)¶¸ÏÐÀÁ¶¸½¬¯�Ë}Ä1¶¸¹
ÉI5�Ã\ÀÐÇ*¶¸½�53¶¸¹%È5¼1Ç Ã\Ç%ÏÁËv½EFmËv½

B
ÏÁû%Ç��ßÓ(ÏÐ½'¶ß¿4½�	Q¶¸½'Ä¬¼1½1·¤Ä¬ÏÁ¶�û*¶¸¹8�1¹ Ã\·m¶�û%Ç*¶¸ÀÐÀÐ¼1½1·kh'½'Ä1¶¸Ç�û%ÏÁØ Ù ¼1½}Ç*¶¸¹	Ã\½'Ä1¶¸¹*¶¸È>ÏÐ½ Ä1¶¸¹

ÓÕ¹*û%Ç*¶¸ÀÐÀÐ¼1½1·X5)¶¸¹@úY¶¸ÑMÇ*¶¸¹ �(ÙIU}ÀÁËv·m¶¸½1ÏÁ¶¸½ <�@f¼1¹*Ø Ù Ä'Ãvû�¿4¼¬úêÌ³¶¸ÏÐ·m¶¸½ ¶¸ÏÐ½'¶¸¹�¶¸½1·m¶¸½�>Õ¶¸¹Q�1ÏÐ½'Ä¬¼1½1·�Ì�¼1È�ü ��¯HFmËvÀÐÀÁû%Ç98\½'Ä¬ÏÐ·m¶¸½
� = 5$5 = . � � 4 5>�Õ¹*Ë\�1ÀÁ¶¸È 	�ÏÐ¹*Ä ·m¶¸Ì³¶¸ÏÐ·TÇ³Î�Ä'Ã\»�� ;�
 � 4 + 4 5 = ; .�� B � ú�º1¹.FMÏÁ¶¸ÀÁ¶

B
ü ��¯HFmËvÀÐÀÁû%Ç98\½'Ä¬ÏÐ·VÏÁû%Ç�<QÓ(ÏÐ½

53ËTû%ÏÐÇ%Ï+Fm¶¸¹D¿4û65)¶¸ÑMÇ�Ä¬ÏÁ¶�û*¶¸¹ >Õ¶¸¹Q�1ÏÐ½'Ä¬¼1½1·:ÏÁû%Ç�Ä¬ÏÁ¶ Ó�Â¬ÏÁû%Ç*¶¸½1Ì.FmËv½ ¿S5�51¹*Ë�Â¬ÏÐÈ¤Ã\Ç%ÏÁËv½'û Ã\ÀÐ·mËv¹%ÏÐÇ%Ù1È-¶¸½�È�ÏÐÇ�ÑmËv½'û%Ç Ã\½`Ç*¶¸¹
 ßº1Ç*¶�û*Ë�	�ÏÁ¶N�ZÏ Â 5�Ã\¹ Ã\È-¶¸Ç*¶¸¹ Ã\ÀÐ·mËv¹%ÏÐÇ%Ù1È-¶¸½ úêº1¹	Ä'Ãvû�� ;�
�� 4 + 4 5 = ; .�� B � �(¹*Ë\�1ÀÁ¶¸È <
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ú�¼1½1ÑMÇ%ÏÁËv½1ÏÁ¶¸¹%ÇX	�ÏÁ¶ ú�ËvÀÐ·TÇ�<Õ×�¼1½@8vØ*Ù'û*Ç-¶¸ÏÐ½1ÏÐ·m¶¸½ 	�ÏÐ¹�¼1½'û-Ã\¼¬úß¶¸ÏÐ½ ú�¶�û%Ç*¶�û �"ËvÀ+U}½'ËvÈ ÒêÌY<¡µ <

x2 + 2y
Ú�<dÉ}Ç Ã\¹%Ç*¶¸½ 	�ÏÐ¹

½}¼1½bÈ�ÏÐÇ�¶¸ÏÐ½'¶¸¹
·m¶¸·m¶
�3¶¸½'¶¸½b¶¸½'Ä¬ÀÐÏÁØ*Ù'¶¸½ ( ¶¸½1·m¶
B
FmËv½:½�Ã\Ç%º1¹%ÀÐÏÁØ Ù'¶¸½ ×3Ã\Ù1ÀÁ¶¸½�Î�û*Ë ¶¸¹%Ù�Ã\ÀÐÇ*¶¸½ 	�ÏÐ¹ß½'¶¸¼'¶¤×3Ã\Ù1ÀÁ¶¸½

z
Î

ÏÐ½'Ä1¶¸È 	�ÏÐ¹
x

¼1½'Ä
y

Ã\¼'û
B
	 8\Ù1ÀÁ¶¸½ ¼1½'Ä�Ò�¶¸½`Ç*ûQ51¹*¶�Ø Ù'¶¸½'Ä:Ä1¶¸È Fm¶¸¹*¶¸ÏÐ½���Ã\¹%Ç*¶¸½ �"ËvÀ+UM½'ËvÈ�Ú

z = x2 + 2y
û*¶¸Ç%Ì³¶¸½ <

@fÏÁ¶�û*¶D·m¶¸½'¶¸¹%ÏÁ¶¸¹%Ç*¶ ×3Ã\Ù1À
z

½'¶¸Ù1È-¶¸½ 	�ÏÐ¹
ÏÐ½
B

Ã\¼¬úO¼1½'Ärú�º1Ù1¹*¶¸½bÄ1¶¸½  ß¶¸½'¶¸¹%ÏÁ¶¸¹%¼1½1·mû*û*Ø Ù1¹%ÏÐÇ%Ç�¶¸¹%½'¶¸¼1Ç�Ã\¼'û�< @fÏÁ¶�û*Ë
¶¸¹%Ù�Ã\ÀÐÇ*¶¸½'¶DÒêÏÐÈ�¿4ÀÐÀÐ·m¶¸È-¶¸ÏÐ½'¶¸½�¼1½'Ä1¶¸½'Ä¬ÀÐÏÁØ Ù'¶ÍÚ ( ¶¸½1·m¶	½'¶¸½1½'¶¸½�	�ÏÐ¹dÄ¬ÏÁ¶�( ¶¸½1·m¶	Ä1¶¸¹OÃ\¼'û

B
·m¶¸½'¶¸¹%ÏÁ¶¸¹Q��Ã\¹*¶¸½ ×3Ã\Ù1ÀÁ¶¸½ <

&©ÏÐ¹�Ä1¶Nh'½1ÏÁ¶¸¹*¶¸½E ßÓÕüDÒ
x2 + 2y

ÚOÃ\ÀÁû�Ä¬ÏÁ¶S( ¶¸½1·m¶
Ã\ÀÐÀÁ¶¸¹8��ÃTÃ\¹*¶
(B, d)

Î¬û*ËDÄ'Ãvû*û
d

Ã\¼'û
B

·m¶¸½'¶¸¹%ÏÁ¶¸¹%Ç;	Q¶¸¹*Ä1¶¸½ ÑvÃ\½1½ <
&©ÏÐ¹ñ¼1½}Ç*¶¸¹*û%¼'Ø*Ù'¶¸½  ßÓÕüDÒ

p
Ú�ú�º1¹ Fm¶¸¹*û*Ø*Ù1ÏÁ¶�Ä1¶¸½'¶ Ì1	O¶¸ÏÁû%Ç*¶¸ÀÐÀÐÏÐ·m¶ �"ËvÀ+U}½'ËvÈ-¶

p
<;@
Ã4�)¶¸Ï5û*Ç*¶¸ÀÐÀÐÇpû%ÏÁØ*ÙwÙ'¶¸¹ Ã\¼'û³Î	Ä'Ãvû*û

 
ÓÕü�Ò
p
Ú¤Ë\ú�Ç%È¤Ã\ÀÁû¤ÏÐ½©üS� ÀÐÏÁ¶¸·TÇ�<OÓdû¤·TÏ+�1Ç�`@¶�Ä1ËMØ*Ù Ã\¼'Ø*Ù � 8\ÀÐÀÁ¶ ÒJ	�ÏÁ¶W¼1½'û*¶¸¹�µ�¶¸ÏÁûQ51ÏÁ¶¸À

x2 + 2y
Ú �3¶¸Ï4Ä1¶¸½'¶¸½ ¶�û

�1ÏÁû*Ù'¶¸¹Õ½1ÏÁØ*Ù}Çd·m¶¸À Ã\½1·'Î`Ä¬ÏÁ¶f×�¼1·m¶¸Ù-7v¹%ÏÐ·TÑm¶¸ÏÐÇdÌ�¼¤ü �:Ì�¼[�3¶
	O¶¸ÏÁû*¶¸½ <}¿�ÀÐÀÁ¶¸¹*Ä¬ÏÐ½1·mû 	�ÏÁû*û*¶¸½X	�ÏÐ¹dû Ø*Ù'Ëv½�ÎmÄ'Ãvû*û F}ÏÁ¶¸ÀÁ¶	Ä¬ÏÁ¶�û ¶¸¹
�Õ¹*Ë\�1ÀÁ¶¸È-¶�ü ��¯^Ù�Ã\¹%Ç³Î3Ã\ÀÁû*Ë�È�ÏÐ½'Ä1¶�û%Ç*¶¸½'ûßû*Ë¤û*Ø*ÙI	�ÏÁ¶¸¹%ÏÐ·.	�ÏÁ¶�üS�©û%ÏÐ½'Ä�<�¿�½'Ä1¶¸¹*ûßÃ\ÀÁû �3¶¸ÏAFMÏÁ¶¸ÀÁ¶¸½Wü ��¯HFmËvÀÐÀÁû%Ç98\½'Ä¬ÏÐ·m¶¸½
�Õ¹*Ë\�1ÀÁ¶¸È-¶¸½ñû*Ø*Ù'¶¸ÏÐ½}Ç�Ù1ÏÁ¶¸¹O½1ÏÁØ Ù`Ç	Ä¬ÏÁ¶ßÖ 8\¹%Ç*¶TÎMû*Ëv½'Ä1¶¸¹%½ Ä¬ÏÁ¶
×�¼1·m¶¸Ù-7v¹%ÏÐ·TÑm¶¸ÏÐÇ�Ì�¼ ü ��Ä1¶¸¹Qû Ø*Ù�	�ÏÁ¶¸¹%ÏÐ·m¶¸¹*¶5Ôj¶¸ÏÐÀ3Ì�¼ û ¶¸ÏÐ½ <

P
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ÓdûX�)¶¸Ì³¶¸ÏÁØ Ù1½'¶
N

Ä¬ÏÁ¶ ( ¶¸½1·m¶ Ä1¶¸¹�½�Ã\Ç%º1¹%ÀÐÏÁØ Ù'¶¸½©×3Ã\Ù1ÀÁ¶¸½ <ÕÓÕû�û ¶¸ÏÁ¶¸½ ∪ Î ∩ Î Î
+

¼1½'Ä ∗ ÅS5)¶¸¹ Ã\Ç%ÏÁËv½'¶¸½©Ã\¼¬úfÄ1¶¸¹
�"ËvÇ*¶¸½1Ì�È-¶¸½1·m¶-Ä1¶¸¹ß½�Ã\Ç%º1¹%ÀÐÏÁØ*Ù'¶¸½ ×3Ã\Ù1ÀÁ¶¸½�Î3Ä¬ÏÁ¶L	�ÏÁ¶�ú�ËvÀÐ·TÇßÄ1¶Nh'½1ÏÁ¶¸¹%Ç
û%ÏÐ½'Ä�<�ÉM¶¸ÏÁ¶¸½

A
¼1½'Ä

B
( ¶¸½1·m¶¸½r½�Ã\Ç%º1¹%ÀÐÏÁØ*Ù'¶¸¹

×3Ã\Ù1ÀÁ¶¸½�Î�û*ËD·TÏÐÀÐÇ³«
± <

A ∪ B
¼1½'Ä

A ∩ B
û%ÏÐ½'ÄñÄ¬ÏÁ¶ >Õ¶¸¹*¶¸ÏÐ½1ÏÐ·T¼1½1· �1Ì1	�<�Ä1¶¸¹�@f¼1¹*Ø*Ù'û*Ø Ù1½1ÏÐÇ%ÇSFmËv½

A
¼1½'Ä

B
Î

� <
A = defN \ A

Î
¾ <

A + B = def{a + b : a ∈ A
¼1½'Ä

b ∈ B} Î
­-<

A ∗ B = def{a · b : a ∈ A
¼1½'Ä

b ∈ B} <
R ½�ÑvÃ\½'Ëv½1ÏÁû Ø*Ù'¶¸¹X&b¶¸ÏÁû*¶ ÑY7v½1½'¶¸½ 	�ÏÐ¹[�1¼1½1ÑMÇ%ÏÁËv½'¶¸½V¼1½`Ç*¶¸¹ >Õ¶¸¹Q	Q¶¸½'Ä¬¼1½1·|Ä1¶¸¹�ÅS5)¶¸¹ Ã\Ç%ÏÁËv½'¶¸½ ∪ Î ∩ Î Î

+
Î ∗ Ã\¼¬ú

Ä1¶¸¹;�"ËvÇ*¶¸½1Ì�È-¶¸½1·m¶�FmËv½
N

Ä1¶Nh'½1ÏÁ¶¸¹*¶¸½ <���Ã\ÀÐÀÁû�¶¸ÏÐ½'¶ßû*ËvÀÁØ Ù'¶ �'¼1½1Ñ}Ç%ÏÁËv½ ½}¼1¹	ÅS53¶¸¹ Ã\Ç%ÏÁËv½'¶¸½pÃ\¼'û O ⊆ {∪,∩, ,+, ∗}Fm¶¸¹Q	Q¶¸½'Ä1¶¸Ç³Î�½'¶¸½1½'¶¸½ 	�ÏÐ¹ û%ÏÁ¶p¶¸ÏÐ½'¶ O #	�3øMô�$°ä�éYçvô <�ÉM¶¸Ï O ⊆ {∪,∩, ,+, ∗} ÎQ¼1½'Ä�û ¶¸ÏÁ¶¸½
f1, . . . , fn n

¯Sû%Ç*¶¸ÀÐÀÐÏÐ·m¶
O ¯ �1¼1½1ÑMÇ%ÏÁËv½'¶¸½ < & ÏÐ¹�û*¶¸Ç%Ì³¶¸½ F = def〈f1, . . . , fn〉

< &b¶¸ÏÐÇ*¶¸¹%Ù1ÏÐ½ û*¶¸Ï
A = def(a1, . . . , an)

È�ÏÐÇ
ai ∈ N

Î
i ∈

{1, . . . , n} <�&©ÏÐ¹�½'¶¸½1½'¶¸½
S = def(F , A)

¶¸ÏÐ½ ï*ÝC$ÍøMïâï*Ýsô�äSÝC� O #^÷�� �¸äSÝsè < & ÏÐ¹	Ä1¶Nh'½1ÏÁ¶¸¹*¶¸½E	O¶¸ÏÐÇ*¶¸¹³«
± <

fi(0) = def{ai}
Î

� <
fi(t+1) = deffi(f1(t), . . . , fn(t))

Î
¾ <

S(t) = deffn(t)
<

"4¶¸Ñ}¼1¹%¹*¶¸½}Ç*¶ ÉIU¬û%Ç*¶¸È-¶-û%ÏÐ½'Äb·m¶¸Ç Ã\Ñ}Ç*¶¸Ç*¶�ÉIU¬û%Ç*¶¸È-¶�
�û*ÏÁ¶ �)¶�û*Ø Ù1¹*¶¸Ï+�)¶¸½ �'ËvÀÐ·m¶¸½ FmËv½ (W¶¸½1·m¶¸½b½�Ã\Ç%º1¹%ÀÐÏÁØ Ù'¶¸¹�×3Ã\Ù1ÀÁ¶¸½ <
µ�¶¸ÑTÃ\½1½`Ç*¶["4¶¸Ñ}¼1¹%¹*¶¸½1Ì³¶¸½:À Ãvû û*¶¸½:û%ÏÁØ*ÙbÃ\¼¬ú�Ä¬ÏÁ¶�û*¶�&b¶¸ÏÁû*¶�ú�Ëv¹%È�¼1ÀÐÏÁ¶¸¹*¶¸½ <"ÉMË.�)¶�û Ø*Ù1¹*¶¸Ï+�1Ç
Ì�¼1È<µ�¶¸ÏÁûQ51ÏÁ¶¸ÀÕÄ'Ãvû
¶¸ÏÐ½¬ú^Ã°¯
Ø Ù'¶�¹*¶¸ÑM¼1¹%¹*¶¸½`Ç*¶ {+} ¯ÊÉIU¬û%Ç*¶¸È S = def(〈f1(x1, x2) = defx2, f2(x1, x2) = defx1 + x2〉, (0, 1))

Ä¬ÏÁ¶[��ËvÀÐ·m¶-Ä1¶¸¹
�"Ï+�3Ëv½�ÃvØ�Ø¸Ï ¯Ê×3Ã\Ù1ÀÁ¶¸½ <
ÉM¶¸Ï*	�ÏÁ¶�Ä1¶¸¹ O ⊆ {∪,∩, ,+, ∗} < & ÏÐ¹ÕÄ1¶Nh'½1ÏÁ¶¸¹*¶¸½�¶¸ÏÐ½-Ó(½`Ç*û*Ø Ù'¶¸ÏÁÄ¬¼1½1·mûQ51¹*Ë\�1ÀÁ¶¸È 	�ÏÁ¶Qú�ËvÀÐ·TÇ�<

Mex(O)
ÏÁû*ÇÕÄ¬ÏÁ¶;(W¶¸½¬¯

·m¶�Ã\ÀÐÀÁ¶¸¹��"ÃTÃ\¹*¶
(S, b)

È�ÏÐÇ
S

¶¸ÏÐ½ñ¹*¶¸ÑM¼1¹%¹*¶¸½`Ç*¶�û O ¯ÊÉIU¬û%Ç*¶¸È ¼1½'Ä
b ∈ N

û*Ë1Î'Ä'Ã\»-¶�û4¶¸ÏÐ½
t ≥ 0

·TÏ+�1Ç	È�ÏÐÇ
b ∈ S(t)

<
&©ÏÐ¹�	OËvÀÐÀÁ¶¸½V¼1½`Ç*¶¸¹*û*¼'Ø*Ù'¶¸½�Î 	�ÏÁ¶ û%ÏÁØ*ÙVÄ¬ÏÁ¶ ÉMØ*Ù�	�ÏÁ¶¸¹%ÏÐ·TÑm¶¸ÏÐÇ³Î

Mex(O)
Ì�¼ ¶¸½}Ç*û*Ø*Ù'¶¸ÏÁÄ1¶¸½�ÎÕÏÐ½ ¿S�1Ù@8\½1·TÏÐ·TÑm¶¸ÏÐÇ FmËv½ OFm¶¸¹%Ù@8\ÀÐÇ�< @fÏÁ¶�¶¸ÏÐ½1·m¶�û*Ø Ù1¹98\½1Ñ}Ç*¶¸½��(¹*Ë\�1ÀÁ¶¸È-¶
ú�º1¹

t = 0
Ò�Ä¬ÏÁ¶L�1¹ Ã\·m¶�½�ÃvØ Ù

b ∈ S(0)
Ú8	�¼1¹*Ä1¶¸½ ¶¸ÏÐ½1·m¶¸Ù'¶¸½'ÄñÏÐ½p¶¸ÏÐ½'¶¸¹

¿4¹Q�3¶¸ÏÐÇ FmËv½ (WØ1:
¶¸½1Ì�ÏÁ¶D¼1½'Ä�&|Ã\·T½'¶¸¹ �3¶¸Ù�Ã\½'Ä1¶¸ÀÐÇ�<N>dÃ\¹%Ï Ã\½`Ç*¶¸½búêº1¹
t = 0

º��3¶¸¹ Fm¶¸¹*û*Ø*Ù1ÏÁ¶�Ä1¶¸½'¶¸½  f¹%¼1½'Ä¬È-¶¸½1·m¶¸½
	�¼1¹*Ä1¶¸½ ¶
�)¶¸½¬ú^Ã\ÀÐÀÁû,�)¶¸Ù�Ã\½'Ä1¶¸ÀÐÇ¤Ò�µQ¹*¶¸¼1½1ÏÐ· ¼1½'Ä:Ôj¹ Ã1Fm¶¸¹*ûâÚ�<�ÓdûßÌ³¶¸ÏÐ·TÇ�û%ÏÁØ*Ù:ÏÐ½r¼1½'û*¶¸¹*¶¸È ��Ã\ÀÐÀÁ¶TÎnÄ'Ã\»ñÄ'Ãvû�Ã\ÀÐÀÐ·m¶¸È-¶¸Ï ¯
½'¶N�(¹*Ë\�1ÀÁ¶¸È

Mex(∪,∩, ,+, ∗) ½1ÏÁØ Ù`Ç�¶¸½}Ç*û*Ø*Ù'¶¸ÏÁÄ ��Ã\¹fÏÁû%Ç�
1û*Ëv·`Ã\¹
Mex(∪,∩,+, ∗) ¼1½'Ä

Mex( ,+, ∗) û%ÏÐ½'Ä ½1ÏÁØ*Ù}Ç
¶¸½}Ç*û*Ø*Ù'¶¸ÏÁÄ ��Ã\¹�< @fÏÁ¶�º��1¹%ÏÐ·m¶¸½9�(¹*Ë\�1ÀÁ¶¸È-¶TÎ)û*Ë�	Q¶¸ÏÐÇ�¼1½`Ç*¶¸¹*û*¼'Ø*Ù`Ç³Î3û%ÏÐ½'Ä'FmËvÀÐÀÁû%Ç98\½'Ä¬ÏÐ·-ú�º1¹�Ä¬ÏÁ¶NFm¶¸¹*û*Ø*Ù1ÏÁ¶�Ä1¶¸½'û%Ç*¶¸½�:�ËvÈD¯
51ÀÁ¶sÂ¬ÏÐÇ98\Ç*û%ÑMÀ Ãvû*û*¶¸½�Î�Ã\½1·m¶sú^Ã\½1·m¶¸½'FmËv½

L
º��)¶¸¹

NP
Ì�¼

PSPACE
¼1½'ÄñÄ'Ã\¹%º��)¶¸¹�<

Ódû
ÏÁû%Çß½1ÏÁØ*Ù}Ç��)¶¸ÑTÃ\½1½`Ç³ÎjË\�
Mex(∪,∩, ,+, ∗) Ã\¼¬úêÌ)8\Ù1À+��Ã\¹�ÏÁû*Ç�< ��Ã\ÀÐÀÁû�Ä1¶¸È<û*Ë.	 8\¹*¶TÎn·$84�3¶D¶�û�¶¸ÏÐ½'¶¸½bÓ(½`Ç*û Ø*Ù'¶¸Ï ¯

Ä¬¼1½1·mûâÃ\ÀÐ·mËv¹%ÏÐÇ%Ù1È5¼'û³Î3Ä1¶¸¹4Ä¬ÏÁ¶� ßËvÀÁÄ ��ÃvØ*Ù'û*Ø Ù'¶�>Õ¶¸¹%È�¼1Ç%¼1½1·!�)¶
	Q¶¸ÏÁû%Ç�ËMÄ1¶¸¹�	�ÏÁÄ1¶¸¹%ÀÁ¶¸·TÇ�<*@fÏÁ¶�û�ÏÁû%Ç�¶¸ÏÐ½'¶�Ç%¹%Ï+FMÏ Ã\ÀÁ¶��'ËvÀ ¯
·m¶¸¹%¼1½1·VÃ\¼'û¤¶¸ÏÐ½'¶¸¹ µ�¶�Ë\��ÃvØ*Ù}Ç%¼1½1· FmËv½  fÀ Ã\»m¶¸¹¤ÏÐÈ ×�¼'û Ã\È�È-¶¸½1Ù�Ã\½1· È�ÏÐÇ�Ä1¶¸½ FmËv½ (WØ1:
¶¸½1Ì�ÏÁ¶W¼1½'Ä &|Ã\·T½'¶¸¹
¼1½}Ç*¶¸¹*û%¼'Ø*Ù}Ç*¶¸½:¿�¼'ûQ	Q¶¸¹%Ç%¼1½1·mûQ51¹*Ë\�1ÀÁ¶¸È-¶¸½ <

Z



� � V X�Z�	���� V$� � J��hJ U0Z[G � \IH � VrEBJ]\IGIb HX��E3Z[^�� V8	 VWG � ��E T��
�'P � Jl�:E%V�� H]V �I^-VrE
O VWGIb VWG>UjZ[G b8P G �wVWG � P ��� VWG

5A, ���N�
�'!��Y&N���"�'&��
�"ZY[�D�ZYM#� � ��
XD��1D�[�D �"J�M�� ��JYD��IHK_NM�D����$��� ^�_�����Z�_NG

&©ÏÐ¹V�)¶¸Ç%¹ ÃvØ Ù`Ç*¶¸½�ÉMØ*Ù�Ã\ÀÐÇ%ÑM¹*¶¸ÏÁû*¶TÎTÄ¬ÏÁ¶ (W¶¸½1·m¶¸½ FmËv½�·`Ã\½1Ì³¶¸½¤×3Ã\Ù1ÀÁ¶¸½��3¶¸¹*¶�Ø*Ù1½'¶¸½ <vüf¶
�)¶¸½DÄ1¶¸½�Ã\¹%ÏÐÇ%Ù1È-¶¸Ç%ÏÁû*Ø*Ù'¶¸½. �Ã\Ç@¯
Ç*¶¸¹%½

+
¼1½'Ä × ÎmÄ¬ÏÁ¶4Ã\ÀÁûQÅS53¶¸¹ Ã\Ç%ÏÁËv½'¶¸½¤º��3¶¸¹ (W¶¸½1·m¶¸½¤ÑmËvÈX5)Ëv½'¶¸½}Ç*¶¸½�	O¶¸ÏÁû ¶
Ä1¶Nh'½1ÏÁ¶¸¹%ÇOû%ÏÐ½'ÄnÎTÀ Ãvû û*¶¸½X	�ÏÐ¹QÃ\¼1»m¶¸¹*Ä1¶¸È

Ä¬ÏÁ¶,( ¶¸½1·m¶¸½'Ë\5)¶¸¹ Ã\Ç%ÏÁËv½'¶¸½ ∪,∩ ¼1½'Ä
¯

Ì�¼ <O@4ÏÁ¶fÓ(ÏÐ½1·`Ã\½1·mû%·`Ã\Ç%Ç*¶¸¹;	Q¶¸¹*Ä1¶¸½ È�ÏÐÇQ·`Ã\½1Ì³¶¸½ñ×3Ã\Ù1ÀÁ¶¸½!�)¶�û Ø*Ù1¹%Ï ú�Ç*¶¸Ç�<O�"º1¹
û ËvÀÁØ*Ù'¶�ÉMØ Ù�Ã\ÀÐÇ%Ñ}¹*¶¸ÏÁû ¶
¼1½`Ç*¶¸¹*û%¼'Ø Ù'¶¸½E	�ÏÐ¹4¿�¼'ûQ	Q¶¸¹%Ç%¼1½1·mûQ51¹*Ë\�1ÀÁ¶¸È-¶T«
 
¶¸·m¶
�)¶¸½¤¶¸ÏÐ½ {∪,∩, ¯ ,+,×} ¯ÊÉMØ Ù�Ã\ÀÐÇ%Ñ}¹*¶¸ÏÁû C

¼1½'Ä�¶¸ÏÐ½'¶�·`Ã\½1Ì³¶�×3Ã\Ù1À
b
ÎvÏÁû%Ç

b
ÏÐ½-Ä1¶¸¹ FmËv½

C
�3¶¸¹*¶�Ø*Ù1½'¶¸Ç*¶¸½�( ¶¸½1·m¶

¶¸½}Ç%Ù�Ã\ÀÐÇ*¶¸½���ZÃvû*û*¶¸½ 	�ÏÐ¹Õúêº1¹ O ⊆ {∪,∩, ¯ ,+,×} ½`¼1¹8 �Ã\Ç%Ç*¶¸¹OÃ\¼'û O ÏÐ½¤¶¸ÏÐ½'¶¸È>ÉMØ*Ù�Ã\ÀÐÇ%ÑM¹*¶¸ÏÁû
C

Ì�¼�Îmû*Ë�½'¶¸½1½'¶¸½ 	�ÏÐ¹
C

¶¸ÏÐ½'¶¸½
O ¯ÊÉMØ Ù�Ã\ÀÐÇ%Ñ}¹*¶¸ÏÁû�
)Ä¬ÏÁ¶�Ó(ÏÐ½'û Ø*Ù1¹98\½1ÑM¼1½1· Ä1¶�û4Ë\�)¶¸½pú�Ëv¹%È�¼1ÀÐÏÁ¶¸¹%Ç*¶¸½ ¿4¼'ûQ	O¶¸¹%Ç%¼1½1·mû651¹*Ë\�1ÀÁ¶¸È-ûßÃ\¼¬ú O ¯ÊÉMØ Ù�Ã\ÀÐÇ%Ñ}¹*¶¸ÏÁû*¶N�)¶s¯
Ì³¶¸ÏÁØ Ù1½'¶¸½ 	�ÏÐ¹5È�ÏÐÇL( �

Z(O)
<(ÉMØ*Ù1¹98\½1Ñm¶¸½ 	�ÏÐ¹L( �

Z(O)
Ã\¼¬ú O ¯ �'Ëv¹%È-¶¸ÀÐ½V¶¸ÏÐ½�Î �3¶¸Ì³¶¸ÏÁØ*Ù1½'¶¸½ 	�ÏÐ¹�Ä'Ãvû��(¹*Ë\�1ÀÁ¶¸È

È�ÏÐÇ�(9�
Z(O)

<3ÓÕûßÌ³¶¸ÏÐ·TÇ
û%ÏÁØ*Ù�ÎnÄ'Ãvû ûfÄ¬ÏÁ¶ :4ËvÈX51ÀÁ¶sÂMÏÐÇ98\Ç�FmËv½ ( �
Z(O)

¼1½'Ä (9�
Z(O)

ÏÐ½:¿��1Ù@8\½1·TÏÐ·TÑm¶¸ÏÐÇ FmËv½ O¶¸¹%Ù'¶
�1ÀÐÏÁØ ÙEFTÃ\¹%ÏÐÏÁ¶¸¹%Ç�<
@
Ãvû �(¹*Ë\�1ÀÁ¶¸È ( �

Z(∪,∩, ¯ ,+,×)
¼1½'Ä-û ¶¸ÏÐ½'¶	Ä¬Ï+Fm¶¸¹*û*¶¸½¤Ó(ÏÐ½'û Ø*Ù1¹98\½1ÑM¼1½1·m¶¸½ û%Ç*¶¸ÀÐÀÁ¶¸½�¶¸ÏÐ½'¶�½�Ã\Ç%º1¹%ÀÐÏÁØ*Ù'¶S(WËMÄ¬Ï h'ÑvÃ°¯
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